All finite simple groups with at most 4 Galois orbits on conjugacy classes are determined. From this we list all finite simple groups G for which the group of central units of the integral group ring ZG is isomorphic to ±1 × Z.
Introduction
According to [20, Satz 14.9, p . 545] the group of units of the ring of integers of the center of the rational group algebra QG of a finite group G is isomorphic to the direct product of the groups of units of the rings of integers of the fields Q(χ) where χ runs over a set of representatives of the orbits of algebraically conjugate irreducible complex characters of G.
Moreover, for a finite group G, the group of central units of the integral group ring ZG is isomorphic, by the theorem of Berman and Higman (see [9, 1.1, p. 5] and [16, Theorem 2.2, p. 23] ), to ±1 × Z(G) × R(G) where R(G) = 1 or R(G) is a finitely generated torsion-free abelian subgroup of ZG with elements of augmentation 1. A systematic study of central units was first launched by A. Bovdi (see for example [16, Chapter 8] ). In particular, in [16, Lemma 8.1, p . 81] he describes the basic situation when R(G) = 1. For a finite group G we have R(G) = 1 if and only if the character field Q(χ) of each complex irreducible character χ of G is either Q or imaginary quadratic (of the form Q( √ d) for some d < 0 in R). This happens if and only if every generator of every cyclic group g | g ∈ G is conjugate in G to g or to g −1 . We give a generalization of this statement in Proposition 2.2. As a natural consequence of A. Bovdi's result, a not necessarily finite group G is called a cut-group if all central units of ZG are trivial (of the form ±g where g ∈ Z(G)), see [13] . The first results on cut-groups were obtained by A. Bovdi and Patay. Recent results and references on this topic can be found in [11, 13] and [12] .
The description of finite nilpotent cut-groups of class 2 was obtained by Patay (see [16, Theorem 8.2, p . 83], [25] , [24] ). Bächle [11, Theorem 1.2] proved that any prime divisor of the order of a finite solvable cut-group is 2, 3, 5, or 7.
In the 1970's, Patay (as a PhD student of A. Bovdi) was the first to study the question of when a finite simple group is a cut-group (he answered this for alternating groups). Afterwards, several people continued to investigate this question and for a long time the most extensive results on this topic were obtained by Aleev and his students (see [2, 3, 4, 5, 6, 7, 23] and [8] ). The list of finite simple cut-groups was deduced in [12, Theorem 5.1] from a longer list of groups obtained by Alavi and Daneshkhah [1] . Note that in part (ii) of our Theorem 1.3 we give a corrected list of groups presented in [1] .
For a finite group G we denote the rank of R(G) by r Z (G) or simply by r Z . An aim of this paper is to determine all finite simple groups G for which r Z (G) = 1. In general, the following asymptotic statement holds. Theorem 1.2. We have r Z (G) → ∞ as the orders of the finite simple groups G tend to infinity.
We deduce Theorem 1.1 from a more general result, Theorem 1.3. Let G be a finite group and e its exponent. Let ǫ be a primitive e-th root of unity. The Galois group G = Gal(Q[ǫ] : Q) acts naturally on the set C of conjugacy classes of G and on the set Irr(G) of complex irreducible characters of G. Since for every element α in G the number of fixed points of α on C and on Irr(G) coincide, the number of G-orbits on C and on Irr(G) are the same.
For a finite group G let f (G) denote the maximal length of an orbit of G on C. The group G is rational if and only if f (G) = 1. Another goal of the present paper is to classify finite simple groups G for which f (G) ≤ 4.
Feit and Seitz [19] proved that the only rational non-abelian finite simple groups are Sp(6, 2) and SO + (8, 2). Alavi and Daneshkhah [1] gave a list of groups for which f (G) ≤ 2. Since this list contains errors, we reproduce it in (i) and (ii) in the result below. Theorem 1.3. Let G be a finite simple group.
(i) f (G) = 1 if and only if G ∈ {C 2 , Sp(6, 2), SO + (8, 2)}.
(ii) f (G) = 2 if and only if G = A n for n ≥ 5 or G ∈ {C 3 , PSL(2, 7), PSL(2, 11), PSL (3, 4) , PSp(6, 3), Sp (8, 2) , SU(3, 3), PSU (3, 5) , SU(4, 2) ∼ = PSp(4, 3), PSU(4, 3), SU(5, 2), PSU(6, 2), PΩ(7, 3), PΩ + (8, 3), F 4 (2), G 2 (3), G 2 (4), 2 E 6 (2)} or G is one of twenty sporadic simple groups different from Ly and different from the five sporadic groups listed in (iii). (2, 13) , PSL (2, 17) , PSL (2, 19) , Sp(10, 2), PSp(4, 5), 3 
(iv) f (G) = 4 if and only if G ∈ {C 5 , PSL(2, 29), PSL(2, 31), SL(3, 3), PSL(4, 3), Sp (12, 2) , Sp(4, 4), SU (3, 4) , Ω − (8, 2) , Ω − (10, 2), Ω + (12, 2), 2 F 4 (2) ′ }.
Background
In this section we present some background concerning the invariant r Z . In particular, we prove Proposition 2.2 which is a generalization of [ 
Here h R denotes the number of real-valued complex irreducible characters of G, h C = |Irr(G)| − h R , and n G is the number of G-orbits on C and on Irr(G).
For a ∈ G let |a| denote the order of a and let a G be the conjugacy class of a. The Q-class {a G } Q of a is defined to be the set ∪
Let n R be the number of R-classes of G.
Proof. It is sufficient to see by (1) that 1 2 |Irr(G)| + h R = n R . This is clear since |Irr(G)| = C and h R is equal to the number of real conjugacy classes in G by [18, Theorem 11.9, p. 265] .
We emphasize that Proposition 2.1 was well known for decades. Let A be the set of conjugacy classes g G of G such that some generator of g is conjugate in G neither to g nor to g −1 . The group G acts on A. Let a 2 denote the number of orbits. There is an element σ in G which acts as inversion on C. Let a 1 denote the number of orbits of σ on A. Analogously, let B be the set of complex irreducible characters χ of G such that Q(χ) is neither rational nor imaginary quadratic. The group G acts on B. Let the number of orbits be denoted by b 2 . The element σ in G acts as complex conjugation on Irr(G). Let the number of orbits of σ on B be denoted by b 1 .
The following is a generalization of the afore-mentioned result of A. Bovdi [ 
Proof. Let G denote the Galois group that acts on the sets C and Irr(G) of conjugacy classes and irreducible characters of G, and H ≤ G the subgroup of order 2 that is generated by complex conjugation. Let r denote the rank of R(G). Then Proposition 2.1 says r = |C/H| − |C/G|, the difference of orbit numbers of H and G on C, respectively.
By Brauer's Permutation Lemma, we have |C/H| = |Irr(G)/H| and |C/G| = |Irr(G)/G| and therefore r = |Irr(G)/H| − |Irr(G)/G|. Now we can consider the Galois action on the set A = {c ∈ C : c H = c G }, and immediately get r = |A/H|−|A/G|. Analogously, the G-action on B = {χ ∈ Irr(G) :
Since G joins at least two H-orbits on A and B, respectively, we also have |A/H| ≥ 2|A/G| and |B/H| ≥ 2|B/G|.
Computational results
In this section we collect the computational results needed to prove Theorems 1.1 and 1.3.
We present a function for computing r Z (G) for a finite group G.
RankOfCentralUnits:= function( tbl ) local X, real; X:= Irr( tbl ); real:= Number( X, chi -> chi = ComplexConjugate( chi ) ); return real + ( Length( X ) -real ) / 2 -Length( RationalizedMat( X ) ); end;;
We use this function to determine all non-abelian finite simple groups G in the character table library [17] with r Z (G) equal to 0 or 1.
gap> AllCharacterTableNames( IsSimple, true, IsAbelian, false, > IsDuplicateTable, false, RankOfCentralUnits, 0 ); [ "A12", "A7", "A8", "A9", "Co1", "Co2", "Co3", "HS", "L3(2)", "M", "M11", "M12", "M22", "M23", "M24", "McL", "O8+(2)", "S6(2)", "Th", "U3(3)", "U3(5)", "U4(2)", "U4(3)", "U5(2)", "U6(2)" ] gap> AllCharacterTableNames( IsSimple, true, IsAbelian, false, > IsDuplicateTable, false, RankOfCentralUnits, 1 ); [ "2E6(2)", "A10", "A11", "A13", "A16", "A17", "A5", "A6", "F4(2)", "Fi22", "G2(3)", "L2(11)", "L3(3)", "L3(4)", "L4(3)", "O7(3)", "O8+(3)", "S6(3)", "S8(2)" ] We now present a function for computing the maximal length of Galois orbits on the set of conjugacy classes of a finite group.
MaximalGaloisOrbitLength:= function( tbl ) local fams; fams:= Filtered( GaloisMat( TransposedMat( Irr( tbl ) ) ).galoisfams, IsList ); return MaximumList( List( fams, l -> Length( l[1] ) ), 1 ); end;;
We use this function to determine all non-abelian finite simple groups G in the character table library [17] with maximal Galois orbit length at most 4 on the set of conjugacy classes of G.
gap> AllCharacterTableNames( IsSimple, true, IsAbelian, false, > IsDuplicateTable, false, MaximalGaloisOrbitLength, x -> x = 1 ); [ "O8+(2)", "S6(2)" ] gap> AllCharacterTableNames( IsSimple, true, IsAbelian, false, > IsDuplicateTable, false, MaximalGaloisOrbitLength, x -> x = 2 ); [ "2E6(2)", "A10", "A11", "A12", "A13", "A14", "A15", "A16", "A17", "A18", "A19", "A5", "A6", "A7", "A8", "A9", "B", "Co1", "Co2", "Co3", "F3+", "F4(2)", "Fi22", "Fi23", "G2(3)", "G2(4)", "HN", "HS", "He", "J2", "L2(11)", "L3(2)", "L3(4)", "M", "M11", "M12", "M22", "M23", "M24", "McL", "O7(3)", "O8+(3)", "S6(3)", "S8(2)", "Suz", "Th", "U3(3)", "U3(5)", "U4(2)", "U4(3)", "U5(2)", "U6(2)" ] gap> AllCharacterTableNames( IsSimple, true, IsAbelian, false, > IsDuplicateTable, false, MaximalGaloisOrbitLength, x -> x = 3 ); [ "3D4(2)", "J1", "J3", "J4", "L2(13)", "L2(17)", "L2(19)", "L2(8)", "ON", "Ru", "S10(2)", "S4(5)", "Sz(8)" ] gap> AllCharacterTableNames( IsSimple, true, IsAbelian, false, > IsDuplicateTable, false, MaximalGaloisOrbitLength, x -> x = 4 ); [ "2F4(2)'", "L2(29)", "L2(31)", "L3(3)", "L4(3)", "O10-(2)", "O8-(2)", "S12(2)", "S4(4)", "U3(4)" ] We next deal with a few groups individually.
Proposition 3.1. If G is any of the simple groups PSL(2, 23), PSL(2, 27), PSL(2, 47), PSL(2, 59), Ly, PSU(9, 2), SO − (12, 2), SO (7, 5) , Ω(9, 3), Ω (11, 3) , Ω + (8, 4), PΩ + (8, 5) ,
We also have f (Ω + (12, 2)) = 4 and r Z (Ω + (12, 2)) = 17.
Proof. For G ∈ {PSL(2, 23), PSL(2, 27), PSL(2, 47), PSL (2, 59) , Ω + (10, 2), Ly}, the character table is available in [17] , and the GAP function MaximalGaloisOrbitLength gives f (G) > 4. For G ∈ {Ω + (12, 2), SO − (12, 2), SO + (12, 3), SO(7, 5)}, the character tables have been computed with [15] . We have f (Ω + (12, 2)) = 4, f (Ω − (12, 2)) = 8, f (SO + (12, 3)) = 11, f (SO(7, 5)) = 6. 
Moreover, the GAP function RankOfCentralUnits gives r Z (Ω + (12, 2)) = 17.
In the remaining cases, we use the fact that two elements in a matrix group cannot be conjugate if their characteristic polynomials differ. Table 1 shows the relevant data.
In all these cases, we found an element g of the order in question by taking a few (about a hundred) pseudo random elements from the matrix group G, and computed the set of characteristic polynomials of the powers g i , with i coprime to |g|. The number n, say, of these polynomials is a lower bound for the number of those conjugacy classes in G that contain generators of g . If G is itself not simple then the factor group G = G/Z(G) is simple, and the preimage of each class of G under the natural epimorphism from G consists of at most |Z(G)| classes of G. Thus n/|Z(G)| is a lower bound for the number of conjugacy classes in G that contain generators of gZ(G) .
For example, there are at least 16 classes in G = SU(9, 2) that contain the generators of a cyclic subgroup g of order 255, since these elements have 16 different characteristic polynomials. The simple group G = PSU(9, 2) arises from G by factoring out Z(G), which has order 3. The preimage of each class of PSU(9, 2) under the natural epimorphism from SU(9, 2) consists of either 1 or 3 classes of SU (9, 2) . Thus G has at least 16/3 conjugacy classes that contain the images of the generators of g under the natural epimorphism from G. Hence in particular f (PSU(9, 2)) > 4.
Some reductions
We begin our considerations of Theorem 1. Proof. We may only consider finite simple groups of Lie type. The claim follows from the previous section.
Classical simple groups
In this section we prove Theorems 1.3, 1.1, 1.2 in case G is a finite simple classical group different from an alternating group.
First we prove Theorem 1.2 and one direction of Theorem 1.3 (the other direction was established in Theorem 4.1) for finite simple classical groups.
The general linear group GL(n, q) contains elements of order q n − 1. These elements are called Singer elements and the cyclic subgroups generated by them are the Singer subgroups. A Singer subgroup in SL(n, q) is the intersection of SL(n, q) with a Singer subgroup of GL(n, q). Singer subgroups can be defined also in other classical subgroups of GL(n, q) as irreducible cyclic subgroups of maximal possible orders. These are intersections of the classical groups with the Singer subgroups of GL(n, q). As it was described by Huppert [21] , there are Singer subgroups in all symplectic groups, in the odd-dimensional unitary groups, and in the minus type orthogonal groups. The other classical groups do not contain irreducible cyclic subgroups.
According to [21] (see also [14, Table 1 ]), the group SL(n, q) has Singer subgroups of order (q n − 1)/(q − 1), the group GU(n/2, q) where n is even and n/2 is odd has Singer subgroups of order q n/2 + 1, the group SU(n/2, q) where n is even and n/2 is odd has Singer subgroups of order (q n/2 + 1)/(q + 1), the group Sp(n, q) where n is even has Singer subgroups of order q n/2 + 1, the groups GO − (n, q) and SO − (n, q) where n is even have Singer subgroups of order q n/2 +1, and the group Ω − (n, q) where n is even has Singer subgroups of order 1 d (q n/2 + 1) where d is the greatest common divisor of 2 and q + 1.
Let G be any of the above classical groups with a Singer subgroup C. It is easy to see that C G (C) = C. In particular, Z(G) ≤ C. Moreover, N G (C)/C is cyclic of order dividing n.
Our starting point is the following. Here ϕ denotes Euler's totient function. 
Proof. Let H 0 denote the subset of H consisting of all generators of H. This is a subset of a unique Q-class of G. Therefore, in order to show the lemma, it is sufficient to see that H 0 is the subset of a union of no less than We continue with the following.
Proposition 5.3. Let S be a non-solvable group from the following list.
(i) SL(n, q); (ii) GU(n/2, q), SU(n/2, q) with n even and n/2 odd;
Proof. The group S can naturally be embedded in G = GL(n, q). Let C be a Singer subgroup in G. The group H = S ∩ C acts irreducibly on the underlying vector space by [21] . We have C G (H) = C. On the other hand, We continue with the following.
Proposition 5.5. LetS be a non-abelian simple group from the following list.
(i) PSL(n, q); (ii) PSU(n/2, q) with n even and n/2 odd; (iii) PSp(n, q), PΩ − (n, q) with n even. If |S| → ∞, then r Z (S) → ∞.
Proof. Let S be a non-solvable group from the list: SL(n, q), SU(n/2, q) with n even and n/2 odd, Sp(n, q) and Ω − (n, q) with n even. Let H be as in the proof of ϕ |H/Z| − 1 ≤ r Z (S) by Lemma 5.1. IfS = PSU(n/2, q), then 1 4n (q n/2 + 1) ≤ |H/Z|. IfS = PSU(n/2, q), then (q n/2 + 1)/(d(q + 1)) ≤ |H/Z| where d is the greatest common divisor of n/2 and q + 1.
These two lower bounds imply that r Z (S) → ∞ as |S| → ∞.
LetS be any of the groups listed in the statement of Proposition 5.5. IfS = PSL(n, q) is (non-abelian) simple and different from an alternating group, then 4n < ϕ (q n − 1)/(d(q − 1)) where d = (n, q − 1) unless (n, q) is in {(2, 7), (2, 8) , (2, 11) , (2, 13) , (2, 17) , (2, 19) , (2, 23) , (2, 27), (2, 29), (2, 31), LetS = PSp(n, q) be simple with n ≥ 4 even. This group contains a cyclic subgroup of order 1 d (q n/2 + 1) where d = (2, q − 1). We have ϕ( 1 d (q n/2 + 1)) > 4n unless (n, q) ∈ {(4, 3), (4, 4), (4, 5), (6, 2), (6, 3), (8, 2), (10, 2), (12, 2)}. All arising exceptional groups appear in the list of Theorem 1.3 and have at most 4 Galois orbits on the set of conjugacy classes by Theorem 4.1. LetS = PSU(n/2, q) be simple with n/2 ≥ 3 odd. This group contains a cyclic subgroup of order (q n/2 + 1)/(d(q + 1)) where d = (n/2, q + 1). We have ϕ((q n/2 + 1)/(d(q + 1))) > 2n unless (n, q) ∈ {(6, 3), (6, 4), (6, 5), (10, 2), (18, 2)}.
The first four groups arising appear in the list of Theorem 1.3 and have at most 4 Galois orbits on the set of conjugacy classes by Theorem 4.1. The group PSU(9, 2) satisfies f (PSU(9, 2)) > 4 by Proposition 3.1. LetS = PΩ − (n, q) be simple with n ≥ 8 even. There is a cyclic subgroup of order 1 d (q n/2 + 1) where d = (2, q + 1) inS. We have ϕ( 1 d (q n/2 + 1)) > 4n unless (n, q) ∈ {(8, 2), (10, 2), (12, 2)}. The first two groups arising appear in the list of Theorem 1.3 and have at most 4 Galois orbits on the set of conjugacy classes by Theorem 4.1. The group SO − (12, 2) satisfies f (SO − (12, 2)) > 4 by Proposition 3.1.
In order to deal with the remaining simple classical groups, we need a lemma.
Lemma 5.6. Let V be a vector space of dimension n ≥ 4 defined over a finite field F . Let g be an element in GL(V ) such that the F g -module V may be decomposed as V = U ⊕ W where U and W are irreducible F g -modules with the property that (dim(U), dim(W )) ∈ { (n − 1, 1), (n − 2, 2) }. Then |N S ( g )/C S ( g )| ≤ 2n for any subgroup S of GL(V ) with g ∈ S.
Proof. Let C = g and G = GL(V ). We may assume that S = G. Let h ∈ N G (C). (i) PSU(n/2, q) with n divisible by 4;
(ii) PΩ(n, q) with n odd; (iii) PΩ + (n, q) with n even. If |S| → ∞, then r Z (S) → ∞.
Proof. Let S be the group SU(n/2, q) ≤ GL(V ) where n is divisible by 4 and V is the vector space of dimension n/2 defined over the field of size q 2 equipped with a nonsingular conjugate-symmetric sesquilinear form. There is a non-singular subspace U of V of dimension (n/2) − 1. The vector space W = U ⊥ is a non-singular subspace of dimension 1 and V = U ⊕ W as vector spaces. Since dim(U) and dim(W ) are both odd, there is an element g ∈ S of maximal possible order by [21] such that H = g acts irreducibly on both U and W . Moreover we may choose g in such a way that H contains the center Z of S. LetS = S/Z andH = H/Z. It follows that Now we view V as a vector space of dimension n defined over the field of size q. Let V be equipped with a non-singular quadratic form. Let S be Ω(n, q) ≤ GL(V ) with n and q odd, or let S be Ω + (n, q) ≤ GL(V ) with n even. As described in [26, p. 75] , there are subgroups Ω − (n − 1, q) × Ω (1, q) and Ω − (n − 2, q) × Ω − (2, q) in S, in the respective cases, preserving a decomposition V = U ⊕ W where U and W are non-singular subspaces of V with (dim(U), dim(W )) ∈ { (n − 1, 1), (n − 2, 2) }.
Let S be any of the orthogonal groups considered in this proof. LetS = S/Z where Z is the center of S. As in the previous paragraph, there is a cyclic group H with Z ≤ H ≤ S such that H acts irreducibly on both subspaces U and W and
|NS(H)/CS(H)| ≤ 2n
whereH = H/Z. We have 1 4 q (n−2)/2 + 1 ≤ |H| and so 1 4n ϕ |H| tends to infinity as |S| → ∞. The claim follows by Lemma 5.1.
LetS be as in the statement of Proposition 5.7. LetS = PSU(n/2, q) with n ≥ 8 divisible by 4. This group contains a cyclic subgroup of order divisible by 1 d (q (n/2)−1 + 1) where d = (n/2, q + 1). We have ϕ 1 d (q (n/2)−1 + 1) > 4n unless (n, q) ∈ {(8, 2), (8, 3), (12, 2)}. Since SU(4, 2) ∼ = PSp(4, 3), all three arising exceptional groupsS satisfy f (S) ≤ 4 by Theorem 4.1 and appear in the list of Theorem 1.3. LetS = PΩ(n, q) be simple with n ≥ 7 and q both odd. This group contains a cyclic subgroup of order divisible by 1 2 (q (n−1)/2 + 1). We have ϕ 1 2 (q (n−1)/2 + 1) > 8n. unless (n, q) ∈ {(7, 3), (7, 5), (9, 3), (11, 3)}. We have f (PΩ(7, 3)) ≤ 4 by Theorem 4.1. The remaining three groupsS satisfy f (S) > 4 by Proposition 3.1.
Finally, letS = PΩ + (n, q) with n ≥ 8 even. This group contains a cyclic subgroup of order divisible by 1 d (q (n−2)/2 + 1). We have ϕ 
Exceptional simple groups of Lie type
In this section we complete the proofs of Theorems 1.3 and 1.1 by dealing with the remaining class of finite simple groups, the exceptional simple groups of Lie type. Tables I and II] . All such entries are at most 30. Since ϕ(m) → ∞ as the positive integers m tend to infinity, the third statement of the proposition follows from Lemma 5.1.
A more careful investigation of [10, Tables I and II] shows that for everyS there is a T such that 4|NS(T )/T | < ϕ(|T |) unless S ∈ { 3 D 4 (2), 2 E 6 (2), F 4 (2), G 2 (3), G 2 (4), 2 B 2 (8), 2 F 4 (2) ′ }.
These seven groupsS satisfy f (S) ≤ 4 by Theorem 4.1. The first statement now follows from Lemma 5.1. Moreover, among these seven groups only 2 E 6 (2), F 4 (2) and G 2 (3) satisfy r Z (S) = 1 and r Z (S) ≥ 2 for the others, by Theorem 4.1. The second statement follows.
Proof of Theorem 1.2
As a continuation of [22] , Patay was first to consider the structure of central units of ZA n in the case when A n is the alternating group of degree n. After many investigations by other people, the most extensive results on central units in ZA n were obtained in [5, 8] . One of the consequences of these results is that r Z (A n ) → ∞ as n → ∞.
For the proof of Theorem 1.2, let us assume that G is a sufficiently large finite simple group. We may assume that G is a finite simple group of Lie type. If G is a classical group, then r Z (G) → ∞ as |G| → ∞ by Section 5. Finally, the same conclusion holds in case G is an exceptional simple group of Lie type by Section 6.
